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Abstract 
Using an exponential sum associated to the Legendre character, we introduce a finite 'upper 
half-plane' V(q), by defining a metric on the set given by the union between the quotient of 
F~-  Fq with respect to the Frobenius action, and an extra point or, which appears as 
a collapse of the field Fq. We also introduce, for every odd prime power q, the 'length spectrum' 
~q, that is, the set of all possible distances between distinct points of V(q), which plays the role 
of a 'parameter space' for a class of associated graphs V(q; k), k ~ ~q, for which the 'finite parts' 
V0(q; k) are regular. Up to a normalization, the whole metric space V(q) can be seen as a small 
perturbation of a complete graph with 1 + (q2 _ q)/2 vertices. 
Finally, we show how these results generalize to any higher dimension . The corresponding 
metric space V,(q) is obtained out of the set of the orbits of the Frobenius action on F :  over Fq, 
by making appropriate identifications. 
I. Introduction 
The classical upper half-plane is defined by H= {ze C[ Im(z )> 0}, or H= 
(Z /2Z) \ (C  -- R), where Z/2Z acts by complex conjugation. H is endowed in a natural 
way with a metric (Poincar6) ds = I dzl/y, and represents the universal covering for 
each compact Riemann surface of genus at least 2. 
In a series of papers [1, 4, 2], a finite analogue of H is considered, by taking the finite 
field Fq, q odd, instead of the real field R. The finite upper half-plane is defined by 
Hq = {z =- x + yx /~ lx ,  y ~ Vq, y :~0} (1) 
where w eF  0 is a nonsquare (note that x~ plays the role of i=  x f -  1 in the 
Poincar6's upper half-plane). The group G = GL(2, q) (even SL(2, q)) acts transitively 
on Hq, by gz = (az + b)/(cz + d), where the element g is given by g = (~ db) • The 
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analogue of the Poincar6 metric is given as a point-pair invariant, i.e., a map 
d:Hq x Hq ~ Fq, such that d(oz, or) = d(z, t) for all g e G and z, t e H~. More precisely, 
d is defined as 
N(z - t) 
d(z, t) = Im(z)Im(t) ' (2) 
where N(z) = z2 -- z 1 +q is the usual norm from Fq2 to Fq, and Ira(z), in this case, is 
defined to be y whenever z = x + yx/~, x, y ~ Fq. A number of interesting results are 
derived, especially concerning a class of eigenfunctions of the Laplacians of the graphs 
associated to the upper half-planes, spherical Fourier transforms and Selberg trace 
formula. 
Our aim will be to try to define a class of 'finite upper half-planes' endowed with 
usual (i.e., real-valued) metrics. In constructing such metrics we make use of a charac- 
ter sum associated with the quadratic character Z of Fq2, in which the range of 
summation isFq. This type of sums is by no means new: similar sums were considered 
earlier by Davenport [51. He shows, for example, that if 0 is any element generating 
the finite field Fv~ over its prime subfield Fq, then 
p-1  
Z(0 + a) = O(p(2k+ 1)/(2k+2)). 
a=0 
If fact, Weil's Theorem [3, 5, 12, 8] shows that the right-hand side of the above 
estimate can be sharpened to O(v/p). 
In the series of papers [1, 4, 2], some regular Ramanujan graphs are associated to 
the finite upper half-plane (1) endowed with the point-pair invariant (2). Namely, if 
w in (1) is a primitive root g of Fq, and if aeFq\{O,4g}, then a graph Xq(g,a) is 
constructed by drawing an edge between z and t whenever d(z, t) = a, d being given by 
(2). One may show [1"1 that X3( -  1, 1) is the octahedron, while the three graphs for 
q = 5 can be placed on the dodecahedron. The degree of every vertex of Xq(g,a) is 
q+l .  
Our construction is based on the real-valued metric (to be more precise, all its 
values are integers) induced by the pseudometric (3) (see Section 2). This pseudometric 
forces us to identify every element z e Fq2 with ~, where 5 represents he action of the 
Frobenius automorphism 5 = z q. Also, the elements of Fq will collapse to a single 
point 0% 'the point at infinity'. At least formally, the finite structure V(q) we obtain 
resembles an 'upper half-plane'. Some specific problems appear whenever one con- 
siders such an analogy. For example, if we fix any k 6 {1,2 . . . . .  q}, one may define 
a graph V(q; k), say, by drawing an edge between any two points at a distance k. While 
in [1, 4, 2], all the graphs Xq(g, a) are nonempty, in our case the problem of estimating 
the range of the distance function (which we shall call 'length spectrum', see Section 5 
is different. Moreover, we will see that the 'finite parts' Vo(q; k)'s (obtained out of 
V(q;k) by deleting the point at infinity together with all the incident edges), if 
nonempty, follow to be regular. 
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In Section 2 we state the main results needed for the construction of the finite upper 
half-planes V(q). The proofs are actually given in Section 3. We follow, in fact, two 
alternative ways or 'philosophies'. The first one is that of algebraic geometry. It 
provides us with a quick proof based on the celebrated result of Hasse [7] about the 
number of rational points on elliptic curves over finite fields. The second approach is 
based on character sums, which will prove to be very effective in our attempt o 
generalize the whole theory to higher dimensions, which will be pursued in Section 6. 
Explicit presentations of I:(3) and V(5) are offered in Section 4. 
In Section 5 we introduce, for every odd prime power q, a class of associated graphs 
V(q; k), k ~ ~q, where ~q is the 'length spectrum' of V(q), that is, the set of all possible 
distances between distinct points of V(q). The 'finite part' Vo(q; k) of every V(q; k) 
proves to be regular. In the same section we prove an asymptotic estimate of the 
length spectrum, according to which, if q is large, the elements of y,q can be evaluated 
as q/2 + O(,fq): this is just another way in which one can 'taste' the Riemann 
Hypothesis for algebraic urves over finite fields, proved by Weil [12] in 1948. 
In Section 6, by using the powerful Weil estimates for character sums (see [8, Ch. 5] 
for a detailed account), we prove that the 'plane construction' can be extended to any 
higher dimension , provided if q is large enough (more precisely, if q > (2n - 1)2). 
The corresponding metric spaces V,(q), n/> 2, are constructed by making appropriate 
identifications in the orbit space of the Frobenius action on F¢/Fq. 
2. The metric 
Let q be an odd prime power. We may choose j in Fq~ with Fq2 = Fq(j) and 
a minimal equation over Fq of the form j :  = t, where t e F* - (F* )  2. 
Let z:F*~ --* { -  1, 1} be the quadratic (Legendre) character. It is obvious that the 
restriction of Z to F*  is trivial, every element of Fq being a square in Fq~. For this 
reason we will extend X to Fq2 in a quite unusual way, by taking X(0):= 1. 
We are now able to give the definition of a real function d :Fq2 x Fq2 --* R, which will 
lead us to the metric on our finite upper half-plane: 
1 
d(x,y) = ~ ~ IX(x + a) - Z(Y + a)l. 
z .  aEFq 
(3) 
With a single exception, d satisfies the usual metric axioms, namely d(x, y) --- 0 does 
not imply x = y (that is, d is a pseudometric). For example, d(x, y) = 0 for x, y ~ Fq. 
Moreover, it is easy to see that for every z in Fq2, we have 
d(z, 5) = O, (4) 
(If z = a + bj, a, b ~ Fq, we denote the action of Frobenius by ~ = a - bj = z q, repres- 
enting the analogue of the classical complex conjugation.) 
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We say that two elements x, y ~ Fq~ are equivalent if d(x, y) = 0, or, which is the 
same, if 
Z(x +a)=)C(y+a)  Va~Fq.  
Let us denote the fact that x and y are equivalent by x ~ y. If we consider the factor 
set, then the elements of Fq collapse to a single point, which we shall denote by ~. 
Moreover, two basic results hold: 
Proposition 1. I f  x ~ Hq and if y ~ Fq, then x ~ y. 
Proposition 2. For every x, y ~ I-Iq, x ~ y if and only if y = ~ or y = x. 
Stated in another way, it follows that if/tq is the quotient of Hq by the action of the 
Frobenius automorphism z ~ 5, then the metric space induced by our pseudometric 
d:Fq2 xFq2 ~R is 
V(q) :=/tq u { ~}. 
Thus, at least formally, we have restored a familiar structure, namely an 'upper 
half-plane' together with its point at infinity (recall that the point at infinity in the 
complex case represents a collapse of the set of all cusps - -  Qw{ ~} - -  which are 
equivalent by the action of SL(2,Z)).  
Note that whenever a, b ~ { - 1, 1} we have the obvious identity 
la - b[ = 1 - ab. 
By using the above relation, one easily sees that the function d given by (3) can also 
be expressed as 
d(x ,y )=~ q-  ~ Z((x +a) (y+a) )  . (5) 
a~F~ 
One may remark the similarity between (5) and the exponential sums considered by 
Davenport (see Section 1). Obviously, the range of the d-function is contained in 
{o,1 ,  ... ,q}.  
3. The proofs 
First we must note that the following relations 
d(x, y) = d(x + a, y + a), 
d(x, y) = d(ax, ay), 
d(x, y) = d(~, y),  
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They follow easily, by definition. For example, we have 
2d(Y,y)= ~ IZ(x q +a) -  )~(yq +a)l 
a~Fq 
= ~ IZ((x + a) q) - Z((Y + a)q)l 
a~Fq 
= ~ IZ(x + a) - X(Y + a)[ = 2d(x,y) .  
a~Fq 
Note that here we use the fact that q is odd. 
Now, suppose that Proposit ion 1 is not true. Then, using transformations of types 
(6) and (7), affine over F~, we may suppose that d( j  + a, 0) = 0 for some a c Fq. That 
means that )~(j + a + c) = Z(c) = 1 for every c e Fq. In particular, it follows that j  + d 
is a square in Fq2 for each d ~ Fq. But then, because the elements of Fq are themselves 
squares, every element in Fq2 has to be a square, which is an obvious contradiction; 
Proposit ion 1 is proved. 
Before starting the proof of Proposit ion 2, let us denote by ~ the quadratic 
character of F~. It is a well-known fact that the relation between ~ and its 'lifting'/~ is 
given by 
Z(z) = tp(Nz) (9) 
for every z e F*2, where Nz = z i  = z 1 +q is the usual norm map from Fq~ to Fq (indeed 
one has 7~(z) = z ~q2-1)/2 = (zl +q) (q 1)/2 = ~k(Nz)). 
Let now x, y ~ H~ = Fq2 - Fq. It is easy to see that x ~ y whenever y = 2. If, for 
example, y = x q, then 
Z(x + a)= z( (x  + a) q )= 7,(x q + a )= Z(y + a) Va~Fq 
However, the converse is not quite obvious. We need to prove that if x, y e H,  
satisfy 
Z(x+a)=z(y+a ) VaeFq  (10) 
then x and y are either equal or conjugate by the Frobenius action (i.e., y = 2). 
By using (9), we can rewrite (10) as 
~9((x +a) (Y  +a) )=O((y+a) (y+a) )  VaeFq 
or, equivalently, 
~b[ (x+a) (2+a) (y+a) (y+a) ]  = 1 VaeF  o (11) 
So, all we need to do is to show that if (11) is true, then y = x or y = 2. 
At this point, one may follow either of two lines of argument, reflecting two deeply 
connected mathematical schools or "philosophies': 
Algebraic 9eometry. More precisely, the algebraic geometry of curves over finite 
fields, or, equivalently, the theory of algebraic function fields of one variable over finite 
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constant fields (one may see [10] for a detailed approach in the function fields case). 
The main result in the field is the celebrated 'Riemann Hypothesis' for curves over 
finite fields, first proved by Hasse [11] for elliptic curves, then in the general case by 
Weil [8]. We will actually use only the result of Hasse: the number N of Fq -rational 
points on a complete lliptic curve defined over Fq satisfy the inequality 
IN - (q + 1)l ~< 2x/q. 
Character sums. The theory of character sums with polynomial arguments (the 
so-called 'Weil  sums') has, as noted earlier, a long history (one may see [9, Chs. 5 and 
6]). Here we will use only a very important result (see Theorem 1 below), estimating 
the complete character sums for the multiplicative characters of finite fields, with 
a polynomial argument. 
Both of them solve our problem. Here we will follow both ways, not only because 
this gives a taste of the underlying unity, but also because the character sum approach 
will be extremely useful in our generalization of the 'plane construction' to higher 
dimensions (see Section 6 for details). 
Remark 1. Let x = u +j r ,  y = w + j s  be two elements of Fq2, u, v, w, s ~ Fq. If we use 
(9) and (5), the expression for d as a character sum will be given by 
d(x,y)=-~ q -  ~ O(((a + u) 2- tv2) ( (a+w)  2 - ts2) ) )  . 
a~Fq 
(12) 
Let us suppose then, by contradiction, that x, y E Hq satisfy y ~ x, ~. Then, the 
polynomial 
P(X) = (X + x)(X + 2)(X + y)(X + ~) 
is separable (i.e., it has distinct roots). Using (11), it follows that P(a) is a square in 
F* for every a in Fq. In other words, the elliptic curve defined over Fq by the equation 
y 2 = P(X) (13) 
has 2q finite F:rat ional  points. One can see (13) in a standard way as a two-sheeted 
covering of p1, ramified in four finite places, corresponding to the 4 linear factors of 
P(X). The place at infinity of P~ is not ramified, so our curve (13) has two more 
rational points 'at infinity', adding up to a total of N = 2q + 2 Fq-rational points. 
Now, we only have to apply the fundamental result of Hasse IN - (q + 1)] ~ 2x/q, 
which in this case gives q + 1 ~< 2x/q, or q = 1, an obvious contradiction. This 
concludes the proof of Proposition 2. 
We will now follow an alternative proof based on character sums estimates. 
The following result is well known [9, Ch. 5, Theorem 5.41]. 
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Theorem 1 (Weil [12]). Let t) be a multiplicative character of Fq of order m > 1 and 
let f ~ Fq[X] be a monic polynomial of positive degree that is not an ruth power of 
a polynomial. Let d be the number of distinct roots of f in  its splittingfield over Fq and 
assume that d >~ 2. Then there exist complex numbers COl, o)2 . . . . .  O~d- 1, with 
only depending on f and ~, such that for any integer s >~ 1, if we denote by ~(~) the lifting 
of t~ to Fq. given by 
O(S)(x) :=  O(N~.,iro(x)), x ~ G,  
then we have the estimate 
~(~)(f(7)) = -- ~o] -- ~ . . . . .  co,i_1. 
In particular, 
~ ¢(f(7))  ~<(d-  1)x/q. 
Let us apply the Weil estimates to the case m = 2, ~ being the quadratic haracter of 
Fq, and f (X )  = P(X). Assume again, by contradict ion that y ~ x and y ~ 2. Then, 
again P(X) has d = 4 roots in its splitting field (which is Fq:, in this case). Because the 
values taken by ~ are 1 or - 1, we see that (11) is equivalent o 
t !s(P(a))  = q.  
aeFq 
By using Weil's Theorem we will obtain q ~< 3,/q, which is false whenever q >~ 11. The 
verification of the four other cases corresponding to the odd values of q which are 
smaller than 11 (namely q = 3, 5, 7, 9) is quite straightforward and will not be pursued 
here (nevertheless we will present he cases q = 3 and q = 5 in the next section, while 
briefly discussing the case q = 7 in Section 5). 
In a few words, Proposit ion 2 is true, and we obtain in this way a finite metric space 
V(q) : ~Iq u { oo} 
with exactly 1 + (qZ _ q)/2 points. This is our finite 'upper half-plane'. The metric 
induced on V(q) by the pseudometric d can be described in a standard way: if x, y ~ Fq.- 
are two elements representing ~, fl ~ V(q), respectively, then, if we agree to denote by 
the letter 'A' the metric induced on V(q), one has A (c~, f l ) := d(x, y). 
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4. Examples :  V (3)and V(5)  
Let us consider the cases in which q is 3 or 5. In the first one, we can take j  as one 
root of the equation X e + 1 = 0 over  F3 .  The field F9 will have then a suitable 'matrix 
presentation' 
j - -1  j j+ l  
- -1  0 1 
- - j - -  1 - - j  - - j  + 1 
while the corresponding matrix of the quadratic character is 
_ + - 
+ + + (14) 
+ - 
Our  complete upper half-plane will have, in this case, the structure 
I/(3) = {A,B ,C ,  oo}, (15) 
where A is a collapse of {j  + 1, - j  + 1}, B is a collapse of { - j , j} ,  C is a collapse of 
{ j -  1, - j -  1}, and, as already defined, oo is a collapse ofF3.  
It is easy to see that the metric space associated to the upper half-plane (15) has the 
structure of a tetrahedron (one may check the character chart (14) and see that all the 
mutual distances between distinct points are equal to 2). 
Next we consider the case q = 5, which is slightly more intricate. Here we agree to 
take j  with the minimal equat ion j  2 = 2 over Fs. Then the similar matrix arrangement 
for F;s will be 
2j-2 2j-1 2j 2j+1 2j+2 )
j -2  j -1  j j+ l  j+2  
-2  - -1 0 1 2 
- j - -2  j 1 - j  - j+  ] - j+2  
-2 j -2  -2 j -1  - 2j - 2j + l -2 j+2 
together with the corresponding matrix of the quadratic character (+ +) - -  + - -  + - -  
+ + + + + 
- -  + --  + 
+ -- _ _ + 
One may use the fact that 
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for every a, b e Fs. V(5) has 11 elements, namely the classes 
oo = A0, A1, . . . ,Alo 
with representants 
0,j, 2j, 1 +j ,  1 +2j, 2+j ,  2+2j ,  -2+j ,  -2+2 j ,  -1  +j ,  - 1 +2 j ,  
respectively. 
The following array 
* 0 1 2 3 4 5 6 7 8 9 10 
0 0 3 3 3 3 3 3 3 3 3 3 
1 3 0 4 4 2 2 2 2 2 4 2 
2 3 4 0 2 2 2 4 2 4 2 2 
3 3 4 2 0 4 4 2 2 2 2 2 
4 3 2 2 4 0 2 2 2 4 2 4 
5 3 2 2 4 2 0 4 4 2 2 2 
6 3 2 4 2 2 4 0 2 2 2 4 
7 3 2 2 2 2 4 2 0 4 4 2 
8 3 2 4 2 4 2 2 4 0 2 2 
9 3 4 2 2 2 2 2 4 2 0 4 
10 3 2 2 2 4 2 4 2 2 4 0 
represents the distances Ael = A(Ae,AI), 0 <~ e, f  <~ 10: 
57 
(17) 
Here the rows and columns are labelled, and at the intersection between the eth row 
and f th column stands the distance Aei. Let us consider for a moment he case q = p, 
with p an odd prime. Letj  be a generator of Fp2 over Fp, satisfying aminimal equation 
j2 = t over F~, with t ~ Fp a nonsquare (if p -= 3(mod4), one may choose t = - 1). 
The character chart can be easily done if one takes into account he relation (9). 
Indeed, it reduces to the computation of the quadratic symbol 4( ' )  = (~) in F~,: 
z(aj + b) ( b- 2 P 
= -- ta 2) 
for every a, b e Fp. Now, if we use (12), we see that for every ~, fl ~ V(p), having 
representants aj + b, cj + d ~ Fp~, respectively, the distance A(~, fl) in V(p) can be 
expressed as [,_1(_  c2)] 1 ~-, X 2 + 2bx + - ta  2 x 2 d e 
A(~, f l )  = ~ p - - . 
x=o P P 
This seems to make the case q = p slightly more effective from a computational point 
of view than the case of an arbitrary odd power q. 
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5. Associating graphs to finite upper half-planes: The length spectrum 
As in [2], we may define a set of graphs attached to our finite 'upper half-plane' 
V(q). Namely, for every positive integer k, 
k = 1,2,. . . ,q,  
we define the graph V(q;k) which has the adjacency matrix, 
(6(~es, k))eS, 
where 6 is Kronecker's ymbol. 
In the case q = 3, for example, we have only one nonempty graph, namely V(3;2), 
the regular tetrahedron. In the case q = 5, the combinatorics ofthe associated graphs, 
V(5; 2), V(5; 3) and V(5;4) is much more interesting. V(5; 3) is a nice tree, star-shaped: 
oo = Ao has degree 10, while A1 . . . . .  Axo have degree 1 each. 
V(5; 2) and V(5; 4) are not trees. Both of them have Ao as an isolated vertex. If we 
exclude Ao in each case we obtain two connected regular graphs, say Vo(5; 2) and 
Vo(5;4), respectively. The degree of every vertex of Vo(5;2) is 6, that is I/o(5;2) is 
6-regular. A similar result is obtained for Vo(5; 4), for which the degree of every vertex 
is 3. Let Vo(q; k) represent the graph obtained from V(q; k) by deleting the point oo (of 
course, together with all its edges, if any). A good connection with [-1] (in which, we 
recall, if a is not 0 or 49, then Xq(g, a) is (q + 1)-regular) will be given by the fact that 
our Vo(q; k)'s are indeed regular (possibly empty: here we agree that an empty graph is 
a particular case of regular graph, namely a 0-regular graph). For example, when 
q = 7, in which F49 = FT(j), withj satisfying the equationj 2 + 1 = 0 over FT, one sees 
that Vo(7; 2) is 6-regular, I/o(7; 4) is 12-regular and I/o(7; 6) is 2-regular (I want to thank 
Professor Leonid Vaserstein, for helping me with a lot of computer searches). The 
proof of regularity is an easy consequence of the relations (6) and (7). Indeed, let us 
take an element aj + b etIq. Also let us fix k e {1,2 .. . .  ,q}. Then, (6) and (7) imply 
that there is an obvious bijection between the set of points x e Hq satisfying d(x,j) = k 
and the set of points y e//~ satisfying d(y, aj + b) = k, given by 
y=ax+b.  
It is easy to see that this bijection is compatible with the identifications induced by the 
pseudometric d. Passing to the quotient space/tq, one obtains a bijection between the 
sets of points at a distance d = k from the points of/-)q obtained by the collapses of 
{- j , j}  and { -  aj + b, aj + b}, respectively. This happens for every a,b ~ Fq, a v* O. 
The regularity of Vo(q; k) is thus proved. Moreover, the 'behaviour at infinity' will be 
completely decided in what follows (see Proposition 3 below). 
Definition. The 'length-spectrum' •q of V(q) is defined to be the set of all possible 
values of k for which V(q; k) is nonempty (i.e., it has at least one edge). 
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The structure of Zq as a subset of {1,2 . . . .  ,q} is not at all obvious. One may be 
mislead by the representation (3) of the metric and think that every element of 
{ 1, 2, . . . ,  q} has the same good chance to appear as an element of the length spectrum. 
As we shall see, this is not true. 
Let us suppose that x = u + vj and y = w + sj are two elements of Fq2, representing 
distinct elements of V(q), say c~, fl, respectively. We will try to compute exactly some 
distances and to estimate some others, by using the formula (12), which gives d as 
a character sum. We distinguish two possibilities: 
(A) :~ = ~,  that is v - -0 :  This is the 'easy' situation, in the sense that it is not 
difficult to compute effectively the distance from Go to any other point of V(q). All we 
need is to use the following exact estimate of the complete character sums with 
quadratic polynomial  argument. 
Theorem 2 (Lidl and Niederreiter [8, Ch. 5]). Let f (X)  = a2 X2  + a lX  + a 0 E gq[x] 
with q odd and ao ~ O. Let ~b be the quadratic character of Fq, and d = a 2 - 4aoa2. I f  
d :~ O, then 
~" ~(f(c))  = - ~(a2). 
ceFq 
I f  d = O, then 
~(f (c ) )  = (q -  1)~(az). 
£~Fq 
Using (12) together with Theorem 2, we obtain 
1[ l A(ov, f l )=~ q- -  ~ O( (y+a) ( f  +a)) 
aeFq 
1E l =-~ q -- ~ ~9(a 2 + aTr(y) + N(y)) 
aeFq 
1 
= ~ [q + ~9(1)] = (q + 1)/2. 
Corollary. I f  k ~ (q + 1)/2, then ~ is an isolated vertex of V(q;k), while for 
k = (q + 1)/2, oo is joined by an edge with every other vertex, respectively. Conse- 
quently, the 'behaviour at infinity' of the associated graphs V(q; k) is completely decided. 
(B) :~, fl va oo: In this case 
d (~, f l )=~ q- -  ~ O(P(a)) , 
a~Fq 
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where P(X) = (X + x)(X + 2)(X + y)(X + y) is a polynomial in Fq[X] which factors 
over Fq as a product of two distinct monic irreducible polynomials. The number of its 
distinct roots is d = 4 and, by Well's theorem we get 
2 "< _3 
- -  ..~. 2 N /~.  
A(c~,fl) 
This provides us with an asymptotic estimate of the length spectrum F~q. We summar- 
ize the above results in the following proposition which has a certain 'Riemann 
Hypothesis' flavour: 
Proposition 3. (1) The distance from ~ to any other point of V(q) is (q + 1)/2. In 
particular, (q + 1)/2 6 ~qfOr every q. 
(2) I l k  ~ ~q, then 
(3) For every e > 0 one can find M > 0 such that if q > M, and if the graph V(q; k) is 
nonempty, then 
-- E - -~; ,  d--~ 
q 2 5 " 
Otherwise stated, the length spectrum accumulates, for large q, in the middle part of the 
set { 1, 2 ... .  , q}. 
(4) All the graphs Vo(q; k) are regular (possibly empty). 
As a corollary, for any fixed k, if q is large enough, V(q; k) is empty. Notice that the 
graphs Xq(g, a) [2], although defined in a similar way as ours V(q; k)'s, are always 
nonempty. They are (q + 1)-regular (see Section 1, or [2] for more details). The 
existence of a length spectrum is thus a feature of our model of finite upper half-plane. 
Another interesting consequence would be the following: if we renormalize very 
V(q) by dividing all the mutual distances by q/2, one can say that in the asymptotic 
limit these renormalized metric spaces approach a countably infinite metric space 
V with d(x, y) = 1 Vx  ~ y. Thus, one can see these renormalized finite upper half- 
planes as 'small perturbations of complete graphs': all the mutual distances being in 
the range 1 + O(1/x/~ ). Finally, one could say, taking into account the way of 
defining the length spectrum, that )~q plays the role of a 'parameter space' for the set of 
nonempty graphs V(q; k). 
6. Higher-dimensional generalization and further comments 
One could try to define in a similar way high-dimensional analogues of the above 
'plane construction'. 
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The characters of order two have the nice elementary property that ]a - b] = 
1 -ab  whenever a and b are two elements in their image. This basic fact made 
possible a 'safe' transition from the initial definition of the pseudometric d. given by 
(3), to the more elaborated (and useful) one (5), expressed as a character sum. That is 
the reason why the characters of order two seem to be more suitable for generaliz- 
ation. 
The following heuristic principle will be our guide: 
Often, a generalization starts with a new interpretation of the old facts. 
So let us consider the action of the Frobenius automorphism z ~ z q on Fq,_. The 
orbits with respect to this action are of two types. Namely, we have q orbits of 
cardinality 1, corresponding to the q elements of Fq fixed by Frobenius action. Then, 
the remaining q2 _ q points are divided into (q2  _ q)/2 orbits of cardinality 2 each. 
The basic remark is that our finite upper half-plane V(q) is obtained out of the space of 
all Frobenius orbits described above, by identifying all the orbits of the first kind with 
a single point c~. In the language of topology, V(q) is a quotient of the space of 
Frobenius orbits. The following remark presents in a more detailed way the space of 
all Frobenius orbits, in a general setting, relating it with the irreducible polynomials 
over  f q: 
Remark 2. Let n >7 2 be a natural number, and H,(q) the space of all the orbits of the 
Frobenius action on Fq./Fq. Also, for every natural number d/> 1, define ~bd(q) the set 
of all monic irreducible polynomials over Fq, of degree d. Then there is a bijection 
between H,(q) and 
U ~J(q) 
d!n 
which associates to every irreducible polynomial f (X)  ~ Fq[X] the set of all its roots 
(they are, of course, in Fq,, which we identify with a subfield of Fq.). Every orbit is thus 
identified with the zero-locus of sume monic irreducible polynomial over Fq, of degree 
dividing n. 
For example, if n = 2, the monic irreducible polynomials of degree 1 give us the 
q orbits of cardinal 1 which are the elements of Fq, while the monic irreducibles of 
degree 2 give the remaining orbits of cardinal 2. The monic irreducible polynomial 
corresponding to the orbit 
[aj + b, - aj + b} 
is, obviously, 
X 2 + 2bX + b 2 - ta 2 
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Let n ~> 2 be a natural number. Consider the following pseudometric on F : ,  which 
runs exactly as (3): 
1 
d(x,y) =-4 ~ ]Z( x + a) - Z(y + a)] 
1. a~Fq 
J =-4 q -  ~, Z(x + a)z(y + a) , (19) aEFq 
where Z is the quadratic haracter of Fq.. 
Remark 3. One easily checks that 
d(x, ~) = 0 
where Y = x q represents he Frobenius action. Thus every Frobenius orbit in F¢/Fq is 
forced to collapse to a single point. However, the basic problem is whether we have 
any other identifications! 
A relation similar to (9) holds in this general case. Now the norm is given by 
N(z)  = z 1 +q+¢+ +¢ 1 
for every z in F¢. Suppose that x e Fq.. Then we have the obvious polynomial identity 
N(X + x) = P(X) "/e, 
where P(X) is the minimal polynomial of - x over Fq, e is its degree, and, of course, 
N(X + x) = (X + x)(X + xq)(X + x q2) ... (X + x ¢-') 
is the characteristic polynomial of - x over Fq. 
Now, if x, y ~Fq., P(X), Q(X) ~Fq[X] are the minimal polynomials over Fq of 
- x, - y, respectively, with the corresponding degrees e and g, say, then one can 
rewrite (19), by using (9), as follows: 
d(x,y) = ~ q - ~ O(P(a)"/eQ(a) n/°) . (20) 
aeF o 
Here ~ has the same meaning as before: it represents the quadratic haracter of Fq, 
whose lift to Fq. is X. 
Propos i t ion  4. The pseudometric (19) identifies the Frobenius orbits through x, y ~ Fq. 
whenever the numbers n/e and n/g are simultaneously even, where e and g represent the 
degrees of the minimal polynomials over Fq of the elements x and y, respectively. 
The proof comes at once if we look at the expression (20) of the pseudometric, while 
taking into account the fact that the degree of the minimal polynomial of x over 
Fq equals the degree of the minimal polynomial of - x. 
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Example. Take the case n = 2, and x, y ~ Fq. Then e = 9 = 1, while n/e = n/g = 2. 
We have seen that the pseudometric (3) forces us to identify x and y. 
The following question appears now very natural: Does the pseudometric d given 
by (19) force any other identifications between various Frobenius orbits besides the 
ones prescribed by Proposit ion 4? Really, we have seen that in the case of the 'plane 
construction' we do not have any other identification. 
Preserving the above notations, let us suppose that x and y represent two different 
Frobenius orbits, and that n/e and n/9 are not both even. Then - x, - y are also in 
distinct Frobenius orbits, their minimal polynomials, P(X) and Q(X), respectively, are 
distinct, and consequently the polynomial  
H(X) = P(X)"/eQ(X) "/° 
has e + 9 distinct roots. Also it is easy to see that H(X) is not, in this case, a square of 
some other polynomial.  
All we need to is to apply now the Weil estimates (Theorem 1 above). We get 
,~F O(P(a)"/eQ(a)"/°) <~ (e + g -- 1).~/~ (21) 
As we have, obviously, e, g ~< n, we get, from (21) 
,~vq;(P(a)"/eQ(a)"/° ) ~ (2n -- 1),,/-q. (22) 
Now if one takes into account (20) and (22), it is clear that the Frobenius orbits 
through x and y are not identified provided that 
q > (2n - 1).,fq. (23) 
More exactly, two distinct Frobenius orbits of cardinalities e and g, respectivley, e, 
gin, with at least one of the numbers n/e, n/9 being odd, are not identified by the 
pseudometric (19) as long as q > (e + g - 1).~/-q, or, which is the same, as long as 
q > (e + g - 1) 2. (24) 
Note that if both n/e and n~ 9 are odd then 
~(P(a)"/eQ(a) "/°) = ¢(P(a)Q(a)) Va ~ Fq 
while if, say, n/e is even and n/o is odd, then 
~k(P(a)"/eQ(a) "/°) = t~(Q(a)) Va ~ Fq 
case in which, instead of (24) it is enough to require 
q > (g  - 1) 2 (25) 
in order to make sure that the Frobenius orbits through x and y are not identified by 
the pseudometric d. 
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After this brief discussion, one sees that (24) and (25) are sometimes harper than 
(23). However,  we also have to take into account the case in which e = 9 = n, so we 
cannot get rid of(23), at least by the present method. The general idea follows at once; 
if q is larger than a certain bound, which depends quadratically on n, then we do not 
have any other identifications besides the ones prescribed by Proposit ion 4. Conse- 
quently, we have the following general theorem: 
Theorem 3. Let n >>. 2 be a natural number, q > (2n - -  1) 2 an odd prime power and V.(q) 
be the quotient of the space H.(q) of all Frobenius orbits of Fq./Fq, subjected to the 
followin9 identification rule: two elements I, J, say, of Hn(q) are identified whenever the 
numbers n/]I] and n/IJ] are both even. For ~, fl ~ V.(q), consider two representative 
Frobenius orbits A, B ~ Fin(q), respectively, and two elements x, y ~ Fq., x ~ A, y ~ B. 
Then the function 
d (~, fl) := d(x, y) 
with d bein9 9iven by (19), is well defined and represents a metric on V,(q). Moreover, the 
set Zn, q of all possible distances between pairs of distinct points of V,(q) is subjected to the 
evaluation 
k q 2n - 1 
The proof  of the above result follows from our precedent discussion. The estimate 
on the length spectrum Z.,q is an easy consequence of (20) and (22). 
Corollary 1. I f  n is odd and q > (2n-  1)  2 then we do not need to perform any 
identification of Hn(q), and consequently V, (q) = Fin(q): our 'upper half n-space' coincides 
with the space of all Frobenius orbits of Fq./Fq. For example, in the three-dimensional 
construction, the elements of Fq not only collapse, as in the case of the two-dimensional 
(plane) construction, but even remain distinct as elements of V3(q). 
At the other extreme, let us consider the case of 2-extensions, that is the case in 
which n is a power of 2. 
Corollary 2. I f  n = 2 k and q > (2n - 1) 2, then V,(q) is obtained out of H,(q) by identify- 
ing any two Frobenius orbits which are both non-maximal (i.e., this is the case when both 
of them have less than 2 k elements). Consequently, the elements of Fq./2 are all identified 
by the pseudometric d. 
Corollary 3. Assume again q > (2n - 1) 2, n even. Let K be the maximal 2-extension of 
F~ in F¢, that is K = F¢, with s being the maximal power of 2 dividing n. Suppose that 
x ~ Fq, is such that its field Fq(x) contains K. Then the Frobenius orbit through x is not 
subjected to any identification (by the pseudometric d) with some other Frobenius orbit. 
In the same time, all the elements of the field F¢/2 collapse to a single point of V,(q). 
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Notice that one can translate our discussion in terms of irreducible polynomials 
instead of using Frobenius orbits: this is possible by Remark 2. 
One may note that in the higher-dimensional c se there is not a point all of whose 
distances to the other points being expressed in a similar simple closed form as in the 
case of the '~ '  point of the 'plane construction' (Proposition 3,(1)). The distances 
d (~, fl) in V(q) = V2 (q) are easy to compute just because they are exponential sums for 
the Legendre character, with a quadratic polynomial argument. 
We return now to our 'upper half-plane', in order to prove the existence of 
a nontrivial group of automorphisms. 
It is easy to see that the functions 
x~---~x+a (aeFq) 
and 
xw-~ax (aeF* )  
are metric automorphisms of V(q). Thus, we find that the group of all d-preserving 
maps of our upper half-plane contains a subgroup A (q) isomorphic to the group of all 
affine transformations ofFq, viewed as an one-dimensional affine space (namely, of all 
non-constant linear functions x ~ ax + b, defined over Fq, the group operation being 
the composition). 
Consequently, we get a set of q(q - 1) isometries represented as above. If k e ~q, 
then A (q) acts on V(q; k). 
To summarize, we defined a class of finite metric spaces V(q), one for each odd 
prime power q. Structurally, they can be seen as 'finite upper half-planes', although the 
asymptotic behaviour is quite strange: for large q, V(q) is, up to a distance renormaliz- 
ation, a 'small perturbation' of a complete graph with 1 + (q2 _ q)/2 vertices (Pro- 
position 3). Also we defined, in a way similar to [3], a class of graphs V(q; k), k ~ ~q, 
parametrized by the 'length-spectrum y~q. The combinatorial structure of the graphs 
V(q; k) seems to be rich, as the cases q = 3, q = 5, q = 7 suggest. An additional reason 
to believe this is the regularity of the 'finite parts' V0(q; k) of the graphs V(q; k). 
Moreover, we determined precisely the 'behaviour at infinity' of each one of the 
associated graphs. However, we think that some larger scale computer search would 
be helpful. 
Finally, we managed to extend the plane construction to higher-dimensional c se, 
in which, provided that q is large enough (the specific constraint in dimension  is 
q > (2n - 1) 2, then a similar construction works, which produces higher-dimensional 
analogues V,(q) of V(q). The finite metric spaces V,(q) can be obtained out of the 
corresponding spaces II.(q) of Frobenius orbits of Fq./Fq, by making appropriate 
identifications (Theorem 3). Concerning the length-spectrum, its higher-dimensional 
behaviour is quite similar with the two dimensional one: the generic distance in V,(q) 
can be expressed as 
+ 
2 
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where the constant implied by 'O' can be chosen n -  1/2 in the n-dimensional 
case. 
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